We derive the asymptotic solutions for vacuum spacetimes with non-zero cosmological constant Λ, using the Newman-Penrose formalism. Our approach is based exclusively on the physical spacetime, i.e. we do not explicitly deal with conformal rescaling nor the conformal spacetime. By investigating the Schwarzschild-de Sitter spacetime in spherical coordinates, we subsequently stipulate the fall-offs of the null tetrad and spin coefficients for asymptotically de Sitter spacetimes such that the terms which would give rise to the Bondi mass-loss due to energy carried by gravitational radiation (i.e. involving σ o ) must be non-zero. After solving the vacuum Newman-Penrose equations asymptotically, we propose a generalisation to the Bondi mass involving Λ and obtain a positive-definite mass-loss formula by integrating the Bianchi identity involving D Ψ 2 over a compact 2-surface on I.
I. INTRODUCTION
Back in the early days of general relativity, the question of whether gravitational wave is a genuine physical phenomenon or merely a coordinate/gauge artefact was a major research problem. Albert Einstein himself solved his field equations to first order and found a wavelike solution with the quadrupole formula, just a year after he formulated them in 1915 [1] .
Two decades later with Nathan Rosen, they solved the full field equations without approximations and initially concluded that gravitational radiation did not exist as their solution involved singularities. Upon the realisation that this was merely a coordinate singularity, Einstein later retracted, and today that solution is known as the Einstein-Rosen cylindrical gravitational waves [2, 3] . Whilst many physicists circa 1960 were by then convinced about the physical nature of gravitational waves [4] , this fundamental question still needed a rigorous theoretical framework. The observational front provided no significant support either, as gravitational radiation was too feeble to be detected. It was only this year, that LIGO announced its direct detections [5, 6] , after the indirect observation of the decrease in orbital period of the Hulse-Taylor binary system in 1974 due to energy loss in emitting gravitational radiation [7] [8] [9] [10] [11] .
A noteworthy breakthrough was the calculations by Bondi, who worked out in the case of axisymmetry, that when an isolated gravitating system emits gravitational radiation, its total mass-energy would decrease. Hence, that was a first useful conclusive definition of mass-energy, excluding the energy carried by gravitational waves (which we now refer to as the Bondi mass) [12, 13] [14] .
Shortly after, a complete treatment for the full Einstein theory (i.e. for general spacetimes, without assuming axisymmetry, etc.) was carried out by Newman and Unti [15] by solving the Newman-Penrose equations [16] . These equations are equivalent to the Einstein field equations, essentially rewriting and re-expressing the Christoffel symbols (connection coefficients) in terms of some complex quantities called spin coefficients. Most of these equations are linear. They were thus able to solve this asymptotically where r → ∞. One of the Bianchi identities involving the derivative along I of the dyad component of the Weyl spinor, D Ψ 2 , integrated over a compact 2-surface at infinity, would correspond exactly to Bondi's result. With M B denoting the Bondi mass-energy of an isolated gravitating system, that formula is:
where here, A = 4π (the area of the unit sphere). A non-zero σ o is interpreted as the presence of gravitational waves being emitted by the system. Dot is differentiation with respect to u, the retarded null coordinate. Ergo, this equation says that the Bondi mass of a system drops whenever gravitational waves are emitted. The result is hailed as a milestone, because it signifies that gravitational waves constitute a real physical phenomenon, carrying energy away from the system and reducing the system's total mass-energy. This is all good, where the cosmological constant is set to zero.
Latterly, we know that the rate of expansion of our universe is accelerating [17, 18] .
This accelerating rate of expansion may be explained very well by sticking in a positive cosmological constant Λ in the Einstein field equations. Since this is a recent discovery, the problem of extending the Bondi mass, and obtaining the Bondi mass-loss formula (due to energy carried away by emitting gravitational waves) with Λ > 0 is of great current interest.
Within the past couple of years (note that Refs. [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] are from late 2014 onwards), there has been a raft of ongoing research with different approaches. After reviewing the conformal properties of de Sitter-like spacetimes, Szabados and Tod worked towards a positive Bonditype mass using twistor methods and the Nester-Witten two-form [19] . A series of papers by Ashtekar et al. [20] [21] [22] [23] began by reporting that it is necessary for the conformal boundary I of de Sitter-like spacetimes to be non-conformally flat if gravitational radiation emitted by isolated systems would carry energy away from the source [20] , and proceeded to study the linearised theory [21] as well as derive the corresponding quadrupole formula [22] with Λ > 0.
Interestingly, Λ > 0 allows for arbitrarily negative energy carried by the gravitational waves, though they argued that physically reasonable sources would radiate waves of positive energy.
Apart from that, He et al. followed Bondi's original study on axisymmetric isolated systems [13] to calculate the dyad component of the Weyl spinor Ψ 4 which represents outgoing radiation [24] , and subsequently extended it to couple with Maxwell's equations [25] . They succeeded by generalising Bondi's boundary condition to the leading order of the metric ansatz for non-zero Λ, which incidentally corresponds to a non-conformally flat I. Other approaches to this problem include those by Chruściel and Ifsits involving the notion of renormalised volume [26] , as well as linearisations by Refs. [27, 28] .
In this paper, we adopt the approach by Newman-Unti [15] and solve the Newman-Penrose equations [16] with non-zero Λ [29] , asymptotically. This involves solving 38 equations comprising the metric equations, spin coefficient equations and the Bianchi identities. In contrast to Newman and Penrose who made minimal assumptions on the differentiability criteria of the relevant quantities when they did this for Λ = 0 [16] , we shall assume that the null tetrad, spin coefficients and the dyad components of the Weyl spinor all have series expansions away from I of sufficiently many orders. Moreover, as we shall be working with spherical coordinates, these calculations would also apply to anti-de Sitter-like spacetimes for Λ < 0, and reduce to asymptotically flat spacetimes for Λ = 0.
We proceed in Section 2 to discuss the Schwarzschild- [30] . Once these have been solved asymptotically (with details on solving these 38 equations order-by-order found in the appendix), we present the summary of our extensive calculations for the asymptotic behavior of vacuum spacetimes with non-zero Λ in Section 4, with a proposed generalisation of the Bondi mass and the resulting mass-loss formula in Section 5 by integrating the Bianchi identity involving D Ψ 2 over a compact 2-surface of constant u on I. Section 6 deals more closely with these 2-surfaces, where we also look at the specialisation with axisymmetry.
One can calculate the Cotton tensor for I to find that it is generally non-zero unless σ o = 0,
i.e. I is non-conformally flat when energy is carried away from the isolated source due to gravitational radiation. Finally, we discuss these new physics due to the cosmological constant in Section 7. We follow the notations and conventions of Newman and Penrose, which are in line with Refs. [31, 32] . The constants c and G are set to 1.
II. SCHWARZSCHILD-DE SITTER SPACETIME
The Schwarzschild-de Sitter spacetime can be expressed in spherical coordinates [33] :
where J(r) = 1−Λr 2 /3−2M/r. The constant M is the mass, with Λ being the cosmological constant (Λ > 0, Λ < 0, and Λ = 0 correspond to de Sitter anti-de Sitter, and Minkowski spacetimes, respectively, when M = 0). The unit 2-sphere is
coordinates take values −∞ < t < ∞, 0 ≤ θ ≤ π, 0 ≤ φ < 2π, and 0 < r < ∞. Note that for Λ > 0 and M = 0, the interval 0 ≤ r < 3/Λ implies that r and t are spacelike and timelike coordinates, respectively, whereas the interval r > 3/Λ implies that r and t are timelike and spacelike coordinates, respectively. (For M = 0, there would be another value of r, viz. the event horizon of the black hole where the r and t coordinates would interchange their causal characters.)
To carry out the asymptotic expansion for de Sitter-like spacetimes à la Newman-Unti [15] , it is desirable to express the de Sitter metric (when M = 0, though we shall for the moment do it generally for the Schwarzschild-de Sitter metric) in the form
where u would be a retarded null coordinate (usually related to t and r via the relation of the form "u = t − r"). Let r * = dr/J(r), dr * = dr/J(r), J(r)dr
Furthermore, let
The inverse metric has components
Letl =du, so we can define a null tetrad
In the Newman-Penrose formalism, the Christoffel symbols (connection coefficients) are reexpressed in terms of twelve complex spin coefficients, defined as [29, 31] 
The commutator equations acting on these spin coefficients are [29, 31] [
These spin coefficients can be solved by applying the commutators to the four coordinate functions u, r, θ, φ. The directional derivatives acting on the coordinate functions are
The relevant non-zero second derivatives are
Applying the commutator equations to the coordinates u, r, θ, φ then gives 
(57)
(59)
We remark that the mass appears in the order of r −2 in γ and ρ . 
where C abcd is the Weyl tensor. For the Schwarzschild-de Sitter spacetime, the dyad compo-
are zero by inspection of the spin coefficient equations involving them.
(The list of spin coefficient equations are found in the appendix.) For Ψ 2 , consider the spin
Then we have
III. ASYMPTOTICALLY DE SITTER SPACETIMES
The generalisation to asymptotically de Sitter spacetimes would be to have a null tetrad of the form:
where
In writing this, we adopt the notation that a function f (u, r, θ, φ) can be expanded as a series by havingl =du, we could define our null tetrad in Eqs. (9)- (12), where we specified in particular, l = ∂ r . Let this null vector field l satisfy l Ref. [16] .) One is permitted to define r up to a linear transformation, and we will exploit this freedom to simplify the spin coefficient ρ (see below) as was also done for the asymptotically flat case [15] . The remaining two coordinates θ and φ here denote general coordinates (so they do not necessarily represent the usual spherical coordinates) that would serve as labels for these null geodesics on each null hypersurface of constant u. Incidentally, whilst one may choose a different family of null hypersurfaces arising from another u coordinate and obtain a different null tetrad (specifically,l =du would be different), the same results would be produced since the physical outcome is independent of the frames and coordinates. (See section IV of Ref. [15] .)
Having determined l, the first of our null tetrad vectors, there is freedom due to null rotation of the remaining three n, m, m around l as well as freedom associated with spatial rotation of m, m. We utilise the former to impose that n, m, m are parallel transported along l, leading to great simplifications since this geometric condition yields the vanishing of the spin coefficients γ and τ [16, 31] . The latter freedom will be applied to set Im(γ o 0 ) = 0 for the spin coefficient γ [19] (see below). Besides that, l = ∇u being a gradient field implies that ρ is real and τ =ᾱ − α [16, 32] .
The directional derivatives are
The spin coefficients for asymptotically de Sitter spacetimes would have the form:
The leading terms γ
are necessarily non-zero, due to the fact that these appear in the de Sitter spacetime as worked out in the previous section. Note in our generalisation that ρ has no term of order 1, since there is no such term for the Schwarzschild-de Following the case for asymptotically flat spacetimes, we take Ψ 0 to have the fall-off of
Furthermore, we adopt the following notation:
and thus define the ð and ð operators acting on a scalar η with spin-weight s to be [31]: 
IV. SUMMARY
Asymptotically de Sitter spacetimes are described by the following null tetrad:
The components of the inverse metric are related to the null tetrad via
The spin coefficients are:
The Weyl spinor has dyad components:
with the Bianchi identities:
Also:
where K is the Gauss curvature of the compact 2-surface of constant u on I.
Note that when Re(ð 2σo ) = 0, (34) (Eq (A.133)) implies that the Gauss curvature of the 2-surfaces on I for fixed values of u is not a constant but depends on u (note that Θ = 1/2) [38].
The angular coordinates θ and φ would then not correspond to those spherical coordinate angles as used for the unit sphere, but instead denote generalised coordinates intrinsic to these 2-surfaces. Furthermore, the pair of equations for (ξ
A ramification of this is that I has to be non-conformally flat if σ o = 0, since it is no longer possible to make the usual specifications (ξ 
V. BONDI MASS-LOSS FORMULA
For asymptotically flat spacetimes, the Bondi mass is Eq. (119), we obtain:
where the terms comprising ðΨ 
we then have a mass-loss formula:
In the absence of incoming radiation since we are considering an isolated system,
Remarks:
1. When Λ = 0, the null tetrad, spin coefficients, Weyl spinor, Bianchi identities, massloss formula, all reduce exactly to the known case of asymptotically flat spacetimes [41] .
2. In the absence of incoming radiation for Λ > 0, i.e. asymptotically de Sitter spacetimes, positivity of the mass-loss of M Λ is manifest [42] . This is perhaps the simplest generalisation of the Bondi mass such that the mass-loss of M Λ is strictly positive.
3. This entire mathematics also applies for Λ < 0, i.e. asymptotically anti-de Sitter spacetimes. However, positivity of the mass-loss is not guaranteed since the term with Λ is of the opposite sign. Nevertheless, one may consider defining the generalised mass to include the u-integral of that term, and obtain a strictly positive mass-loss formula. 
where 3f (u, θ) = σ o (u, θ)du. With this, the metric for the 2-surface of constant u on I is
Subsequently, the first of Eq. (A.130) says that α o is real, with the second one yielding [43] . Explicitly, the expression for the Gauss curvature K is:
When factor Ω = 1/r + O(1/r 2 ), and take the limit r → ∞):
The Cotton tensor for this 3-metric may be calculated and it generally does not vanish unless f is constant, i.e. σ o = 0. It is thus non-conformally flat when outgoing radiation depletes the energy of the isolated source. This is in fact, the form of the axisymmetric I studied by He and Cao [24] .
the mass-loss formula Eq. (128) is:
By extending Newman-Unti's approach in solving the vacuum Newman-Penrose equations with non-zero Λ asymptotically, we have been able to generalise the Bondi mass (Eq. (126)) and obtain the mass-loss formula (Eq. (128) for no incoming radiation) for an isolated system emitting gravitational waves in a universe with Λ > 0. Our use of spherical coordinates implies that this holds also for Λ < 0, and Λ = 0 reduces to the asymptotically flat vacuum spacetimes, despite the distinct properties of I being spacelike, timelike and null for de Sitter, anti-de Sitter and Minkowski-like spacetimes, respectively. This reduction is perhaps not a surprise, since in a way, Penrose's conclusions of I being spacelike, timelike or null may be deduced from the use of spherical coordinates in Eq. (134) [44] .
Notice how a non-zero Λ introduces new physics via the Newman-Penrose equations. (126)) also has this factor e −2Λf , as worked out in Eq. (133). If a series expansion is carried out, then there would be terms involving all positive integer powers of Λ. An approximation would only produce a subset containing some of the lower order terms.
Other than the Bondi mass, there is another widely used quantity first given by Arnowitt, Deser and Misner [47] for zero cosmological constant, referred to as the ADM mass [47, 48] .
The ADM mass differs from the Bondi mass of an isolated gravitating system that emits gravitational waves. Whilst the latter decreases due to energy carried away by gravitational waves, the former remains constant. Nevertheless, these two notions of mass-energy are equivalent for stationary spacetimes. A good description on these two masses may be found in Ref. [48] : After deriving a general expression for the Hamiltonian of a general spacetime as an integral over a 2-surface (for zero cosmological constant), the ADM mass is obtained by making a choice of the lapse and shift, then taking the limit where the 2-surface goes to spatial infinity, whilst the Bondi mass is arrived at by taking the limit to null infinity.
We are not aware of any existing way of defining the ADM mass for asymptotically flat spacetimes, using the Newman-Unti approach [15] . Essentially, the setup here is made with the purpose of going to null infinity, instead of spatial infinity. Nevertheless for stationary spacetimes, the Bondi mass (for
This expression for the Bondi mass of a stationary spacetime must also be equal to its ADM mass. For a general spacetime (for Λ = 0), one can move the right-hand term of the mass-loss formula in Eq. (1) to the inside of the u-derivative on the left-hand side and define the quantity
The mass-loss formula Eq. (1) then says that this Q is a constant, i.e. dQ/du = 0 [49] . One can also do this for Λ = 0 with our mass-loss formula Eq. (125) to define the corresponding Q Λ such that dQ Λ /du = 0, and this would be a conserved quantity. There are approaches that relate the ADM and Bondi masses involving the covariant phase space formalism, viz. the work by Ashtekar, Bombelli and Reula [50] , with Wald and Zoupas [51] using a symplectic potential to produce general conserved quantities when there does not exist a Hamiltonian generating the asymptotic symmetry. These [50, 51] (as well as [48] ) provide a unified treatment of both the ADM and Bondi masses for asymptotically flat spacetimes, and it is certainly intriguing to employ the framework of Ref. [51] in attempting to define the mass of a spacetime with Λ = 0 via a symplectic potential.
Extensions to couple with Maxwell fields in a similar way should be straightforward, and will be presented elsewhere [52] . With these electro-Λ asymptotic solutions, one can generalise some known results for asymptotically flat spacetimes (like say those in Refs. [53, 54] ) to include the cosmological constant. Also, whilst we have assumed that the quantities may be expanded as a series with sufficiently many orders away from I, one may follow Newman-Penrose's original study [16] to make minimal assumptions on the differentiability criteria, and sedulously work out the detailed consequences. The metric equations are
The spin coefficient equations are
The Bianchi identities are
The metric equations, spin coefficient equations, and the Bianchi identities are solved for various orders beginning from the highest non-trivial power of r, in the following sequence as indicated by the number in front of the equation. Listed below are the results when solving them order-by-order. We begin by solving the radial equations having the D = ∂/∂r derivative. Well, "0 = 0" means that there is no information or no new information at this order, i.e. the equation is identically satisfied at this order.
(1) Dσ = σ ρ + ρ σ. 
Ergo, asymptotically de Sitter spacetimes have the peeling property, arising from the fall-off of Ψ 0 being O(r −5 ), such that
where n = 0, 1, 2, 3, 4. (10) and (11).
(A.69) (10) Dα = αρ − α σ. 1 :
Incidentally, (15) and (20) imply that
1 :
in accordance to (8) as well.
(A.102) 
Here, Θ(θ, φ) is an arbitrary real function. From (23), this giveṡ
r : 0 = 0 (A.110)
1 : (A.120)
as expected from (15) and (20) in Eq. (A.96). [34] By studying the conformally rescaled de Sitter-like spacetime, Szabados and Tod showed that one can set the term of order r for U (denoted by U o −1 ) to zero using a gauge freedom arising from (∇ a Ω)(∇ a Ω) = Λ/3 + O(Ω 2 ), where Ω is the conformal factor [19] .
[35] Such a ρ term of order 1 (denoted by ρ o 0 ) would be proportional to ρ o 2 , due to the spin coefficient equation involving Dρ . As we will set ρ o 2 = 0 by the freedom in choosing the origin of the affine parameter r, this would lead to the vanishing of ρ o 0 anyway. [37] The fall-offs for the spin coefficients here are consistent with those in Szabados-Tod [19] . Note however that there, they applied a conformal rescaling which is symmetric with respect to the spin frame o A and ι A , whereas ours here would correspond to an asymmetric choice. See section 5.6 of Penrose-Rindler for details on conformal rescalings, in particular the four specific ways of distributing the conformal factor Ω to the spin frame o A and ι A , in (5.6.26) [31].
[38] Two times the real part of −ρρ + σσ − Ψ 2 + Λ/6 has the interpretation of being the Gauss curvature of the 2-surfaces of constant u on I. See (4.14.21) in Ref.
[31].
[39] In the mass-loss formula Eq. (125), the rate of mass-loss has corrections due to the cosmological constant Λ. It is hence necessary that the mass itself has corrections due to Λ. Otherwise the mass cannot possibly change differently than when Λ = 0.
[40] Eq. (125) is concerned with taking the closed integral over a compact 2-surface of constant u
